The aim of this work is to study asymptotic properties of a class of fourth-order delay differential equations. Our results in this paper not only generalize some previous results, but also improve the earlier ones. Examples are considered to elucidate the main results.
Introduction
This paper is concerned with the oscillatory behavior of solutions of nonlinear fourthorder differential equations of the type The aim of this paper is to study the oscillatory behavior of the solutions of nonlinear fourth-order differential equations (.) under the assumption In order to discuss our main results, we need the following lemmas.
Lemma . ([]) If the function y satisfies y
. . , n, and y (n+) (τ ) < , then 
Main results
In this section, we establish new oscillation criteria for solutions of equation (.). For the sake of convenience, we insert the following notation:
and
Lemma . If x(τ ) is an eventually positive three times continuously differentiable function such that r(τ )x (τ ) is continuously differentiable and (r(τ )x (τ )) ≤  for large t, then one of the following cases holds for large t:
The proof is immediate and hence is omitted. 
Proof Let x be a nonoscillatory solution of equation (.) on the interval [τ  , ∞). Without loss of generality, we may assume that
Then ω(τ ) > . By differentiating, we obtain
It follows from Lemma . that
for all μ ∈ (, ) and every sufficiently large τ . From (.), (A  ) and (S  ), we see that
Thus, by (.), (.) and (.), we get
From Lemma ., we have that
Integrating this inequality from g(τ , a) to τ , we get
which with (.) gives
By using the inequality
and z = ω, we get
This implies that
for every μ ∈ (, ) and all sufficiently large τ , which contradicts (.).
Consider Case (C  ) holds. From Lemma ., we get that x(τ ) ≥ τ x (τ ), by integrating this inequality from g(τ , ξ ) to τ , we get
Hence, from (S  ), we have
Integrating (.) from τ to u and using x (τ ) > , we obtain
Letting u → ∞, we see that
and so,
Integrating again from τ to ∞, we get
Now, we define
Then w(τ ) >  for τ ≥ τ  . By differentiating and using (.), we find
Thus, we obtain
This contradicts (.).
Assume that Case (C  ) holds. Since r(τ )(x (τ )) α is nonincreasing, we have that
Integrating this inequality from τ to u, we get
ds.
By integrating the last inequality from τ to ∞, we obtain
Integrating again from τ to ∞, we find
Next, we define
Thus, we see that ψ(τ ) <  and satisfies
Hence, from (.), (.) and (S  ), we have
Since g(τ , ξ ) ≤ τ and x (τ ) < , we have that x(g(τ , ξ )) ≥ x(τ ). Therefore, we get
Multiplying (.) by R α  (τ ) and integrating from τ  to τ , we obtain
which with (.) gives
Using inequality (.) with A = R  , B =  and z = -ψ, we get
It follows that
but this contradicts (.).
In Case (C  ). In view of the proof of Case (C  ), we have (.) holds. From Lemma ., we have that x(τ ) ≥ μ  τ  x (τ ) for all μ ∈ (, ) and every sufficiently large τ . Thus, from
for τ ≥ τ  . Next, we define
We note that ϕ(τ ) <  for τ ≥ τ  . By differentiating and using (.), (A  ) and (S  ), we obtain
Hence, (.) yields
Multiplying (.) by R α  (τ ) and integrating from τ  to τ , we obtain
By following the same steps as in Case (C  ), we get that
which contradicts (.). This contradiction completes the proof of Theorem ..
Theorem . Assume that (.) and (S  ) hold, and let g(τ , ξ ) have a positive partial derivative on I × [a, b] with respect to τ . If there exist continuously differentiable functions
for some μ  , μ  ∈ (, ), then every solution of (.) is oscillatory.
Proof Let x be a nonoscillatory solution of equation (.). Without loss of generality, we may assume that x(τ ) > . By Lemma ., there exists τ  ≥ τ  such that x(τ ) has one of the four cases (C  )-(C  ) for τ ≥ τ  . For Case (C  ), since g(τ , ξ ) is nondecreasing with respect to ξ , x (τ ) >  and f (x) > , we have that f (x(g(τ , a) )) ≤ f (x (g(τ , ξ ) )). Thus, from (.), we get
Now, we define (τ , a)) ) .
By differentiating and using (S  ), we get
Hence, from Lemma . and x () < , we obtain
for all μ ∈ (, ) and τ ≥ τ  . Therefore, (.) yields
By following the same steps as in Case (C  ) of the proof of Theorem ., we get a contradiction with (.).
For Case (C  ). From (.), (S  ) and (A  ), we obtain
By integrating this inequality from τ to ∞, we obtain
Since f (x) > , we get
Integrating again from τ to ∞, we have
Next, we define (τ , a)) ) .
Then w(τ ) >  for τ ≥ τ  . By differentiating and using (.), we find a) g (τ , a) .
Then we get
Integrating again from τ  to τ , we have
which contradicts (.).
If Case (C  ) holds. As in the proof of Case (C  ) of Theorem ., we have that (.), (.) and (.) hold. Then we define
Hence, from (.), (.) and (S  ), we have
Since x (τ ) < , we get f (x(g(τ , ξ ))) ≥ f (x(τ )). Therefore, we obtain
From (.) and (S  ), we have
Multiplying (.) by f (R  (τ )) and integrating from τ  to τ , we obtain
Using inequality (.) with
but this contradicts (.).
In Case (C  ). In view of the proof of Case (C  ) of Theorem ., we have (.) and (.) hold. By defining ϕ(τ ) as the form (.), we note that ϕ(τ ) <  for τ ≥ τ  . Thus, from (.) and (A  ), we get
From (.) and (S  ), we see that
Hence, (.) yields
which contradicts (.). This contradiction completes the proof of Theorem ..
for some μ  ∈ (, ), then every solution of (.) is oscillatory.
Example . Consider the fourth-order differential equation 
